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Abstract
We discuss quantum dynamical elliptic R-matrices related to arbitrary complex simple
Lie group G. They generalize the known vertex and dynamical R-matrices and play an
intermediate role between these two types. The R-matrices are defined by the corresponding
characteristic classes describing the underlying vector bundles. The latter are related to
elements of the center Z(G) of G. While the known dynamical R-matrices are related to the
bundles with trivial characteristic classes, the Baxter-Belavin-Drinfeld-Sklyanin vertex R-
matrix corresponds to the generator of the center ZN of SL(N). We construct the R-matrices
related to SL(N)-bundles with an arbitrary characteristic class explicitly and discuss the
corresponding IRF models.
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1 Introduction
The quantum dynamical R-matrices and the Quantum Dynamical Yang-Baxter (QDYB) Equa-
tion, they satisfied, introduced by G.Felder [1, 2], while without the spectral parameter these
structures appeared earlier [3, 4, 5]. The classical version of the QDYB equation is the Classical
Dynamical Yang-Baxter Equation and its solution is the classical dynamical r-matrix. The clas-
sification of the classical dynamical r-matrices with the elliptic spectral parameter was proposed
in [6].
The standard elliptic quantum R-matrix does not depend on dynamical variables [10, 7]
(see also [8, 9]). It is defined only for the group G = SL(N,C). We will refer to it as Baxter-
Belavin-Drinfeld-Sklyanin R-matrix. The quantum R-matrix and the Yang-Baxter equation are
the key tools for the Quantum Inverse Scattering Method [11]-[17]. In particular, they define the
commutation relations in the vertex-type models and the corresponding Sklyanin-type algebras
[18, 19, 20].
On the other hand, the Felder R-matrix depends on additional dynamical variable u ∈ h,
where h is a Cartan subalgebra of g = Lie (G). It is related to the IRF models of statistical
mechanics [2].
Here we consider an intermediate situation. It arises when G is a simple Lie group with a
non-trivial centers, i.e. when G is a classical group or E6 and E7. In these cases the dynamical
parameter belongs to some subalgebra h˜0 of the Cartan subalgebra h of the Lie algebra g. At the
classical level the problem was investigated in our previous papers [21, 22, 23, 24]. In particular,
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we constructed there the classical elliptic r-matrices. They complete the Etingof-Varchenko
classification [6], where the case h˜0 = h was considered.
The quantum version of classical construction [6] was proposed in [25]. The construction of
the quantum R-matrices is more elaborate. It depends essentially on the representation space
V . We suggest that upon the appropriate choice of V the R-matrices can be constructed in
the general situation as in the case h˜0 = h and G = SL(N,C). We demonstrate it explicitly
R-matrices for SL(N,C) with elliptic dependence of the spectral parameter. If N is a prime
number there is only two types of R-matrices exists. The first one is the Baxter-Belavin-Drinfeld-
Sklyanin vertex R-matrix [4, 7], and the second type is the Felder dynamical R-matrix [2]. But
if N = pl, (p 6= 1, N), then there exists new types of R-matrices. Their construction is the main
result of this paper.
While different universal structures related to the Yang-Baxter equations are well studied
for arbitrary simple Lie group in trigonometric and rational cases [26]-[35], the elliptic solution
of the QDYB equation with spectral parameter (2.12) is known only in SL(N,C) case [36]-[41].
In the AN−1 case the center of G= SL(N,C) is the cyclic group µN = Z/NZ. Represent
elements of µN as exp
2πi
N j , j = 0 . . . , N − 1. Then the Felder’s case corresponds to j = 0 while
the Baxter-Belavin-Drinfeld-Sklyanin’s one appears from j = 1. The intermediate situation
takes place when j = p > 1 and N = pl. In this case dim h˜ = g.c.d(j,N) = p > 1.
The purpose of the paper is to construct the quantum elliptic dynamical R-matrix in
the intermediate case. The answer is given by the Theorem 3.1 (Section 3.4). It is shown that
the suggested R-matrix satisfies the QDYB equation (2.12) with u ∈ C ⊂ h˜0 (refC). The result
is schematically presented in Table 1. The last column is the case of our interest.
ζ = 1 exp (2πiN ) exp (
2πi
N p) , N = pl
R-matrix Felder Case Baxter-Belavin-Drinfeld-Sklyanin Case Intermediate Case
Table 1.
R-matrices corresponding to different characteristic classes of SL(N) bundles.
The classical integrable system corresponding to the intermediate case is the system of in-
teracting elliptic tops [21]. Our goal is to quantize its classical r-matrix.
It should be mentioned that the dynamical and non-dynamical elliptic R-matrices are related
by the dynamical twist [42, 43]( see also [44]-[47]). This twist was interpreted as a modification
of bundle (or Hecke transformation) in [48]. At the classical level it acts by a singular gauge
transformation on the Lax matrices and relates the models of Calogero-Ruijsenaars type [51]-[58]
with the elliptic Euler-Arnold tops [59, 48, 60]. In the theory of integrable models of statistical
mechanics this Hecke transformation defines a twist providing a passage from the so-called
IRF type models [61, 62] to the Vertex type models [42, 43], [63]-[66]. In the isomonodromic
deformations problem [67, 68] corresponding to the Hitchin systems [69]-[74] on elliptic curves
the modification relates Painleve´ VI equation and nonautonomous Zhukovsky-Volterra gyrostat
[75, 76, 77, 78]. The field (1+1) generalizations of the Hitchin-Nekrasov (Gaudin) models are
discussed in [48, 79, 80]. They describe the continuous limit of the integrable chains. In terms
of a gauge field theory the Hecke transformation can be explained as a monopole solution of the
Bogomolny equation [81, 82, 83].
The paper is organized as follows: in the next section we review construction of bundles over
elliptic curves and define classical and quantum elliptic R-matrices, related to these bundles. In
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Section 3 we, first, recall the known quantum R-matrices corresponding to the first and second
columns in the Table 1. Then the quantum R-matrix for the intermediate case is suggested (3.26)
and the QDYB equation is verified (Theorem 3.1). Finally, we discuss possible applications of
the obtained solution of the QDYB equation to IRF models.
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2 Characteristic Classes of Bundles over Elliptic Curves and
R-Matrices
2.1 Characteristic classes of bundles over elliptic curves
Let G be a complex simple Lie group with a nontrivial center Z(G). A simply-connected
group G¯ in all cases apart G2, F4 and E8 has a non-trivial center Z(G¯) ∼ P∨/Q∨, where P∨,
(Q∨) is a coweight (coroot) lattice in the Cartan subalgebra h. The center Z(G¯) is a cyclic
group except g = D2n. In the latter case the group G¯ = Spin4n(C) has a non-trivial center
Z(Spin4n) = (µL2 × µR2 ) , µ2 = Z/2Z.
The adjoint group is the quotient Gad = G¯/Z(G¯). For the cases An−1 (when n = pl is
non-prime) and Dn the center Z(G¯) has non-trivial subgroups Zl ∼ µl = Z/lZ. Assume that
(p, l) are co-prime. There exists the quotient-groups
Gl = G¯/Zl , Gp = Gl/Zp , Gad = Gl/Z(Gl) , (2.1)
where Z(Gl) is the center of Gl and Z(Gl) ∼ µp = Z(G¯)/Zl. Let N = Ord(Z(G¯)). Then we
come to the diagram:
Gad
Gp
==
⑤
⑤
⑤
⑤
⑤
⑤
⑤
⑤
⑤
Gad Gad
µl
>>
⑥
⑥
⑥
⑥
⑥
⑥
⑥
⑥
⑥
// G¯
>>
⑤
⑤
⑤
⑤
⑤
⑤
⑤
⑤
⑤
OO
// Gl
==
④
④
④
④
④
④
④
④
④
µN
==
⑤
⑤
⑤
⑤
⑤
⑤
⑤
⑤
⑤
µp
OO ==
④
④
④
④
④
④
④
④
④
Let EG is a principle G-bundle over an elliptic curve Στ = C/(Z+ τZ). We define a holomor-
phic G-bundle E = EG ×G V (or simply EG) over Στ . The bundle EG has the space of sections
Γ(EG) = {s}, where s takes values in V . The bundle EG is defined by transition matrices of its
sections around the fundamental cycles. Then sections of EG(V ) assume the quasi-periodicities:
s(z + 1) = Q(z) s(z) , s(z + τ) = Λ(z) s(z) , (2.2)
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where Q(z) ,Λ(z) take values in the representation of G. Then Q(z) ,Λ(z) satisfy the following
equation
Q(z + τ)Λj(z)Q(z)−1Λ−1j (z + 1) = Id . (2.3)
It follows from [90] that it is possible to choose the constant transition operators. Then we come
to the equation
QΛQ−1Λ−1 = Id . (2.4)
Solutions of this equation are defined up to conjugations form the moduli space of EG¯ bundles
over Στ . We can modify (2.4) as
QΛQ−1Λ−1 = ζId ,
where ζ is a generator of the center Z(G¯). In this case (Q,Λ) are the clutching operators for
Gad-bundles, but not for G¯-bundles, and ζ plays the role of obstruction to lift the Gad-bundle
to the G¯-bundle.
More generally, consider solutions of the equation
QΛpQ−1Λ−pj = ζpId , (2.5)
where p = ord(Z(G¯))/l, and therefore ζp ∈ Zl. It means that ζp is obstruction to lift the
Gl-bundle to the G¯-bundle.
The obstructions can be formulated in terms of cohomology of Στ . Namely, the first coho-
mology H1(Στ , G(OΣτ )) of Στ with coefficients in analytic sheaves G(OΣτ ) define the moduli
space M(G,Στ ) of holomorphic G-bundles over Στ . Using (2.1) we write three exact sequences
1→ Z(G¯))→ G¯(OΣτ )→ Gad(OΣτ )→ 1 ,
1→ Zl → G¯(OΣτ )→ Gl(OΣτ )→ 1 ,
1→ Z(Gl)→ Gl(OΣτ )→ Gad(OΣτ )→ 1 .
Then we come to the long exact sequences
→ H1(Στ , G¯(OΣ))→ H1(Στ , Gad(OΣ))→ H2(Στ ,Z(G¯)) ∼ Z(G¯))→ 0 , (2.6)
→ H1(Στ , G¯(OΣ))→ H1(Στ , Gl(OΣ))→ H2(Στ ,Zl) ∼ µl → 0 , (2.7)
→ H1(Στ , Gl(OΣ)→ H1(Στ , Gad(OΣ))→ H2(Στ ,Z(Gl)) ∼ µp → 0 . (2.8)
The elements from H2 are obstructions to lift bundles, namely
ζ(EGad) ∈ H2(Στ ,Z(G¯))− obstructions to lift EGad − bundle to EG¯ − bundle ,
ζ(EGl) ∈ H2(Στ ,Zl)− obstructions to lift EGl − bundle to EG¯ − bundle ,
ζ∨(EGad) ∈ H2(Στ ,Z(Gl))− obstructions to lift EGad − bundle to EGl − bundle .
Definition 2.1 Images of H1(Στ , G(OΣ)) in H2(Στ ,Z) are called the characteristic classes
ζ(EG) of G-bundles.
Let P∨, (Q∨) be the coweight (the coroot) lattice in h. Then Z(G¯) = P∨/Q∨ [86]. If Z(G¯)
is cyclic, 1 then there exists a fundamental coweight ̟∨ ∈ P∨ generating Z(G¯). It means that
Ord(Z(G¯))̟∨ ∈ Q∨. Similarly, Zl is generated by the coweight ̟∨j such that l̟∨j ∈ Q∨.
1In the case G¯ = Spin4n the center Z(Spin4n) is generated by the coweights corresponding to the left and to
the right spinors.
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It was proved in [22] that for generic bundles the solution of the equation (2.5) can be written
as 2
Q = e (κ) , Λp = e (u)Λ0 . (2.9)
κ = e (ρ∨/h) , ρ∨ =
1
2
∑
α∨>0
α∨ , h− Coxeter number ,
where {α∨} are co-roots of g. The element Λ0 is uniquely defined by the element from Z(G)
which is an element of the Weyl group W (h) that acts as a symmetry of the extended Dynkin
diagram [86]. Moreover, u ∈ Ker (Λ0 − Id) and u belongs to Cartan subalgebra h˜0 ⊂ h, where
h is a Cartan subalgebra containing Q. An element from h˜0 plays the role of a parameter in
the moduli space MG of holomorphic bundles EG over Στ . The subalgebra h˜0 is a Cartan
subalgebra of invariant subgroup g˜0 [22].
More exactly, u belongs to a fundamental domain CΓ of the affine Weyl groupW⋉(τΓ∨⊕Γ),
where Γ is a sublattice in h˜0 Q
∨
l ⊆ Γ ⊆ P∨l :
u ∈ CΓ = h˜0/
(
W ⋉ (τΓ⊕ Γ)
)
. (2.10)
The subalgebras h˜0 ⊂ h were classified in [22].
2.2 Elliptic R-Matrices
A general form of the quantum dynamical (modified) Yang-Baxter (QDYB) equation related
to a simple complex Lie group G has the following form. Let h be a commutative subalgebra
h ⊂ g =LieG, h∗ is the dual space. Consider finite-dimensional G-modulus Vj, (j = 1, 2, 3) and
let V = ⊕µ∈PVµ. be the weight decomposition. Let z ∈ C be the spectral parameter. The
quantum elliptic dynamical R-matrix is the map h∗ × C→ Aut(Vj ⊗ Vk), (j, k = 1, 2, 3), j 6= k,
depending on the Plank constant ~. R satisfies the following conditions:
• R has fixed periodicities with respect to the lattice Z + τZ ⊂ C. Let Q and Λ be some
fixed elements of G (transition functions). Then
R(u, z + 1) = AdQR(u, z) , R(u, z + τ) = AdΛp(u)R(u, z) , (2.11)
where the adjoint operators (2.9) act on the first factor Vj ⊗Vk. It means that R(u, z) is a
section of a bundle Aut(Vj⊗Vk) over the elliptic curve Στ = C/(Z⊕τZ) and the dynamical
parameter u play the role of the tangent vector to the moduli space of the bundle.
• R satisfies the QDYB equation in End (V ⊗ V ⊗ V )
R12(u− ~e3, z12)R13(u+ ~e2, z13)R23(u− ~e1, z23) = (2.12)
R23(u+ ~e1, z23)R
13(u+ ~e2, z13)R
12(u,+~e3, z12) , (zjk = zj − zk) .
The shift of the dynamical parameter u − ~ej means, for example, that R12V1V2(u − ~e3)
acts on the tensor product v1 ⊗ v2 ⊗ v3 as R12V1V2(u− ~µ3) if v3 ∈ V3[µ3].
• The unitarity condition
R12(u, z12)R
21(u, z21) = IdV⊗V , (2.13)
2For brevity we omit the index j in (2.5).
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• The weight zero condition
[X1 +X2, R12(u, z12)] = 0 , ∀X ∈ h˜0 . (2.14)
• The quasi-classical limit ~→ 0
R(u, z) =
1
~
Id⊗ Id+ r(u, z) +O(~) , (2.15)
where r(u, z) is the classical dynamical r-matrix, related to the EG bundle, defined below.
In this sense R(u, z) is a quantization of the classical dynamical r-matrix r(u, z). In
particular cases we obtain in this way the classical non-dynamical elliptic Belavin-Drinfeld
r-matrix [9], or classical dynamical elliptic r-matrix [84, 85]. The latter type of r-matrices
were classified in [6].
These conditions do not define the R-matrix uniquely. There are additional transformations
corresponding to shifts along the dynamical parameter. We will not discuss this issue here.
Let us focus now on the classical r-matrix in (2.15). We define the classical dynamical r-
matrices (CDRM) following [22]. In general case they have the following form. To define the
r-matrices for arbitrary characteristic classes let us define the special basis (the general sine basis
(GS basis)) in the Lie algebra g [22]. In the Cartan subalgebra it is defined in the following way.
Let (e1, e2, . . . , en) be a canonical basis in h, ((ej , ek) = δjk)
3. Consider the Λ action (Λl = Id).
Since Λ preserves h we can consider the action λ of Λ on the canonical basis. Define an orbit of
length ls = l/ps passing through es
O(s) = {es, λ(es), . . . , λ(l−1)es)} .
hcs =
1√
l
l−1∑
m=0
ωmcλm(es) , c ∈ Jps , ω = exp (
2πi
l
) ,
where Jps = {c = mpsmod(l) |m ∈ Z}. Define the quotient Cl = (e1, e2, . . . , en)/µl. Then we
can pass from the canonical basis to the GS basis
(e1, e2, . . . , en)←→ {hcs , s ∈ Cl} .
Now replace the root basis Eβ in g by the GS-basis
taβ¯ =
1√
l
l−1∑
m=0
ωmaEλm(β) , ω = exp
2πi
l
, a ∈ Jβ .
This transformation is invertible Eλk(β) =
1√
l
∑
a∈Jl ω
−kata
β¯
. The commutation relations have
the following form:
[taα, t
b
β ] =


1√
l
l−1∑
s=0
ωbsCα, λsβ t
a+b
α+λsβ, α 6= −λsβ ,
pα√
l
ωs b ha+bα α = −λsβ ,
(2.16)
3For An and E6 root systems it is convenient to choose canonical bases in h⊕ C.
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[
h kα, t
m
β
]
= 1√
l
l−1∑
s=0
ω−ks 2(α,λ
sβ)
(α,α) t
k+m
β . (2.17)
It is convenient to represent r(u, z) as a sum of the Cartan and off-Cartan part:
r(u, z) = r(z) = rR(z) + rh(z) .
rR(z, w) =
1
2
l−1∑
a=0
∑
α∈R
|α|2 ϕ aα(z − w) t aα ⊗ t−a−α , (2.18)
rh(z, w) =
l−1∑
a=0
∑
α∈Π
ϕ a0(z − w) h aα ⊗ h−aα ,
where functions ϕ aα(z) are defined in (A.34).
3 Quantum R-Matrices Related to SL(N,C)
We apply the general construction of the quantum R-matrix to the case G = SL(N,C) and V
is the standard vector representation. We pass from the GS-basis to the tensor basis (3.13) and
write in this basis the transition matrices Q and Λ.
3.1 The Moduli Space of SL(N,C)-Bundles over Elliptic Curves
The dynamical parameter u belongs to the moduli space of vector bundles over elliptic curves.
We describe here. We identify h∗ and h ⊂ sl(N,C) by means of the standard metric on CN .
The roots and coroots for sl(N,C) coincide and therefore the coroot lattice Q∨ coincides with
the root lattice Q. Let {ej} be the standard basis in CN . Then
Q = {
∑
mjej |mj ∈ Z ,
∑
mj = 0} , (3.1)
generated by the simple roots Π = {αk} = {α1 = e1 − e2 . . . , αN−1 = eN−1 − eN}.
The fundamental weights ̟k, (k = 1, . . . , N − 1), dual to the basis of simple roots Π∨ ∼ Π
(̟k(α
∨
k ) = δkj), are
̟j = e1 + . . .+ ej − j
N
N∑
l=1
el ,


̟1 = (
N−1
N ,− 1N , . . . ,− 1N )
̟2 = (
N−2
N ,
N−2
N , . . . ,− 2N )
. . .
̟N−1 = ( 1N ,
1
N , . . . ,
1−N
N ) .
(3.2)
Similar to the roots and coroots we identify the fundamental weights and the fundamental
coweights. They generate the weight (coweight) lattice
P ⊂ h , P = {
∑
l
nl̟l |nl ∈ Z} , or P = {
N∑
j=1
mjej , mj ∈ 1
N
Z , mj −mk ∈ Z} . (3.3)
The quotient-group P/Q is isomorphic to the center Z(SL(N,C)) ∼ µN . It is generated by
ζ = exp 2πi̟1.
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For the trivial bundles corresponding to the Felder R-matrix we have few moduli spaces
C l (2.10), corresponding to a choice of the sublattice Pl. If N is a prime number then we have
two options only . Let
C+ = {u ∈ CN | ℜe u1 ≥ ℜe u2 ≥ . . . ≥ ℜe uN}
be a positive Weyl chamber . Then similar to the lattice Pl in (2.10) we may take Q (l = 1)
(3.1), or P (l = N) (3.3). Then we come to the two types of alcoves
C1 = {u ∈ C+ |uj ∼ uj + τnj +mj , nj,mj ∈ Z ,
∑
j
nj =
∑
j
mj = 0} , (3.4)
CN = {u ∈ C1 |nj ,mj ∈ 1
N
Z , nj − nk ∈ Z , mj −mk ∈ Z } . (3.5)
C1 is the moduli space of SL(N,C)-bundles, while CN is the moduli space of trivial PSL(N,C)-
bundles (i.e PSL(N,C)-bundles that can be lifted to SL(N,C)-bundles).
If N is not prime, then there are another sublattices of the weight lattice. For example, if
N = pl there are
C l = {u ∈ C1 |nj ,mj ∈ 1
l
Z , nj − nk ∈ Z , mj −mk ∈ Z } ,
Cp = {u ∈ C1 |nj,mj ∈ 1
p
Z , nj − nk ∈ Z , mj −mk ∈ Z }
in addition to C1 and CN . They are the moduli space of trivial Gp = SL(N,C)/µp and Gl =
SL(N,C)/µl bundles. In general, the number of different moduli spaces corresponds to the
number of the prime factors of N .
Consider nontrivial bundles with transition matrices satisfying (3.8), where ζ can be repre-
sented as ζ = e(̟p),
̟p =
(N − p
N
, . . .
N − p
N︸ ︷︷ ︸
p
,− p
N
, . . . − p
N︸ ︷︷ ︸
N−p
)
=
( l − 1
l
, . . .
l − 1
l
,−1
l
, . . . − 1
l
)
, (l̟p ∈ Q) .
It is a generator of the group µl, and in this way is the obstruction to lift the Gl = SL(N,C)/µl
bundle to the SL(N,C)-bundle (see (2.7)). We consider the root Ql and the weight Pl lattices
in h˜0 (3.9). In the canonical basis ej = Ejj, (j = 1, . . . p) they have the form (3.1), (3.3). In
particular,
Pl = {γ =
p∑
j=1
nj e˜j , nj ∈ 1
p
Z ,
p∑
j=1
nj = 0 , nj − nk ∈ Z} .
It is an invariant sublattice of P .
If p is a prime number, then, similarly to (3.4) and (3.5) we have two types of the moduli
spaces
C l,1 : uj ∼ uj + τmj + nj , nj,mj ∈ Z ,
p∑
j=1
nj =
p∑
j=1
mj = 0 , (3.6)
and for
C l,p : uj ∼ uj + τmj + nj , nj,mj ∈ 1
p
Z , (3.7)
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p∑
j=1
nj =
p∑
j=1
mj = 0 , nj − nk ∈ Z , mj −mk ∈ Z .
If p is non-prime we have additional types of the moduli spaces as it was given above for the
trivial bundles.
3.2 Description of the Adjoint Bundles and the Model of Interacting Tops
In [21] the classical integrable models corresponding to SL(N,C)-bundles with nontrivial char-
acteristic classes were studied. Let us recall the results. We consider the SL(N,C)-bundles
with
N = lp , l, p ∈ Z
defined by its multiplicators (2.2) with the center element
ζ = exp(p
2πi
N
) = exp(
2πi
l
) ∈ Z/NZ
from the condition (2.5). The multiplicators can be written explicitly in terms of SL(N,C)-
valued generators of the finite Heisenberg group (A.26) and (A.27):
QΛpQ−1Λ−p = exp(p2πi
N
)Id , Q,Λ ∈ SL(N,C) . (3.8)
The dimension of the moduli space of these bundles equals g.c.d.(N, p) = p [87, 88, 89]. Indeed,
it is easy to see that the following Cartan element of the Lie algebra u ∈ h ⊂ sl(N,C) commutes
with both Q and Λp:
u = diag(u1, ..., up, u1, ..., up, ..., u1, ..., up) =
l⊕
j=1
up×p , (
∑p
j=1 uj = 0) ,
up×p = diag(u1, ..., up) ∈ h˜0 ⊂ sl(p,C) ,
AdQu = 0, AdΛu = 0 .
(3.9)
It was shown in [21] that there exist such a number matrix S (combination of permutations)
that
SuS−1 =
p⊕
J=1
uJIdl×l ,
SQS−1 =
p⊕
J=1
e
(
J−l
N
)Ql×l ,
SΛnS−1 =
p⊕
J=1
Λl×l .
(3.10)
The later means that any section L(z) ∈ Γ(End(ESL(N,C)(V ))) has the following quasiperiodicity
properties: {
LIJ(z + 1) = e
(
I−J
N
)
Qp×pLIJ(z)Q−1p×p
LIJ(z + τ) = e(−uI)Λp×pLIJ(z)Λ−1p×pe(uJ)
(3.11)
The factor e
(
I−J
N
)
can be removed by
LIJ(z)→ LIJ(z)e
(−z I−JN )
uI → uI − I τN
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Finally, the boundary conditions are of the form:{
LIJ(z + 1) = Qp×pLIJ(z)Q−1p×p
LIJ(z + τ) = e(−uI)Λp×pLIJ(z)Λ−1p×pe(uJ)
(3.12)
Therefore, it is natural to use the following basis
Eaij = Eij ⊗ Ta ∈ gl(N,C) , Eij ∈ gl(p,C) , Ta ∈ gl(l,C) (3.13)
in the Lie algebra gl(N,C), where Eij is a standard matrix basis in gl(p,C) (generated by the
fundamental representation of GL(p,C)) and Ta is the basis of gl(l,C) defined in (A.29)-(A.32).
The basis (3.13) will be used in Section 3.4 to construct the quantum R-matrix.
The described type of bundles were used in [21] in order to construct the ”models of inter-
acting tops”.
3.3 Baxter-Belavin-Drinfeld-Sklyanin and Felder Quantum R-matrices
As we told there exist two extreme cases in the description of the R-matrices. First case is
the vertex R-matrices [10, 7]. These R-matrices correspond the SL(N,C) bundles with the
characteristic classes ζ = exp 2πikN , where k and N are coprime. In this case h˜0 = ∅. It is so-
called non-dynamical R-matrices. Another case corresponds to the SL(N,C) bundles with the
trivial characteristic classes ζ = 1 [1, 25]. We first consider the R-matrices for these two cases.
The R-matrices satisfy the non-dynamical or dynamical Yang-Baxter equations correspondingly.
The later equations are
R12(z − w)R13(z)R23(w) = R23(w)R13(z)R12(z − w) , (3.14)
R12(u, z−w)R13(u−~h(2), z)R23(u, w) = R23(u−~h(1), w)R13(u, z)R12(u−~h(3), z−w) . (3.15)
3.3.1 Non-Dynamical Case: Baxter-Belavin-Drinfeld-Sklyanin vertex R-Matrix
The elliptic non-dynamical R-matrix is related to SL(N,C). It is defined in the basis (A.29) as
follows:
R12(z) =
∑
a∈ΓN
ϕa(z, ωa + ~)Ta ⊗ T−a (3.16)
Proposition 3.1 The Baxter-Belavin-Drinfeld-Sklyanin R-Matrix (3.16) satisfies the Quantum
Yang-Baxter equation (3.14) [10, 7].
Proof :
Consider a basic component of the tensor product Ta ⊗ T−a−b ⊗ Tb:∑
c∈ΓN
κ0,0κa,bκ2a+2b,cϕa−c(ωa − ωc + ~, z − w)ϕc(ωc + ~, z)ϕ−b−c(−ωb − ωc + ~, w) =
∑
c∈ΓN
κ0,0κb,aκc,2a+2bϕa−c(ωa − ωc + ~, z − w)ϕc(ωc + ~, z)ϕ−b−c(−ωb − ωc + ~, w)
Making the shift c→ −c− b in the l.h.s. we have the following expression for (l.h.s.)-(r.h.s.):∑
c∈ΓN
κ0,0κb,aκc,2a+2b
(
ϕa+b+c(ωa + ωb + ωc + ~, z − w)ϕ−b−c(−ωb − ωc + ~, z)ϕc(ωc + ~, w)−
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ϕa−c(ωa − ωc + ~, z − w)ϕc(ωc + ~, z)ϕ−b−c(−ωb − ωc + ~, w)
)
=
Using (A.22) in the case a+ b 6= 0 mod ΓN we get:
= ϕa(ωa + 2~, z)ϕ−a−b(−ωa − ωb, w)
∑
c∈ΓN
κ0,0κb,aκc,2a+2b × (3.17)
(E1(ωa + ωb + ωc + ~)− E1(ωa − ωc + ~) + E1(−ωb − ωc + ~)− E1(ωc + ~)) = 0
Indeed, κ0,0κb,aκc,2a+2b is invariant under the substitution c→ c−a− b. Then making this shift
in the first (E1(ωa + ωb + ωc + ~)) and the third (E1(−ωb − ωc + ~)) terms one can see that the
whole sum vanishes.
In the case a+ b = 0 mod ΓN it follows from (A.24) for (l.h.s.)-(r.h.s.) that:
ϕa(ωa + 2~, z)
(
N
2πl
√−1
)3 ∑
c∈ΓN
(E2(ωc + ~)− E2(ωa − ωc + ~)) = 0 ,
where the normalization factor N
2πl
√−1 = κ(0, 0) appears from (A.30). 
3.3.2 Dynamical Case: Felder R-Matrix
The Felder R-matrix is defined as follows [1]:
R12(u, z) =
p∑
i,j
rij(u, z)Eij ⊗ Eji +
N∑
µ6=ν
ρµνEµµ ⊗ Eνν , (3.18)
where
rij(u, z) ≡ rij(z) = φ(uij + δij~, z), ρij = φ(−uij , ~), uij = ui − uj
and
R13(z,u− ~h(2)) =
N∑
m,n,s
rˇmn(z)Emn ⊗ Eˇss ⊗ Enm +
N∑
γ 6=ξ
ρˇγξEγγ ⊗ Eˇss ⊗ Eξξ
We use ”check”ˇto indicate the possible shift of the argument of R13 by −~h(2):
N∑
m,n,s
rˇmn(z)Emn ⊗ Eˇss ⊗Enm =
N∑
m,n,s
φ(umn + δmn~− ~δˇms + ~δˇns, z)Emn ⊗ Eˇss ⊗Enm (3.19)
N∑
γ 6=ξ,s
ρˇγξEγγ ⊗ Eˇss ⊗ Eξξ =
N∑
γ 6=ξ,s
φ(−uγξ + δˇsγ~− δˇsξ~, ~)Eγγ ⊗ Eˇss ⊗ Eξξ
Proposition 3.2 The Felder R-Matrix (3.18) satisfies the Quantum Dynamical Yang-Baxter
equation (3.15).
We omit here the proof of this Proposition since it is contained as a particular case of more
general structure which will be discussed in Section 3.4.
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3.3.3 Classical Limits
Let us also make the classical limits of the quantum R-matrices (3.16),(3.18):
rBD12 (z, w) = lim
~→0
(
RBD12 (z, w) −
1
~
1⊗ 1
)
(A.10)
= E1(z − w)1 ⊗ 1 +
∑
α∈Γ˜l
ϕα(z − w,ωα)Tα ⊗ T−α
(3.20)
Notice that the summation is taken over Γ˜N (A.28). This r-matrix satisfies the classical Yang-
Baxter equation:
[r12, r13] + [r12, r23] + [r13, r23] = 0 (3.21)
For the dynamical r-matrix we have:
rF12(z, w) = lim
~→0
(
RF12(z, w) − 1~1⊗ 1
) (A.10)
=
E1(z − w)
∑
ii
Eii ⊗ Eii +
N∑
i 6=j
φ(z − w, uij)Eij ⊗ Eji −
p∑
i 6=j
E1(uij) Eii ⊗ Ejj
(3.22)
The modified classical Yang-Baxter equation
[r12, r13] + [r12, r23] + [r13, r23] +D
(1)
h
r23 −D(2)h r13 +D(3)h r12 = 0, (3.23)
In the standard basis the operator D
(1)
h is written as follows:
D
(1)
h =
N∑
i=1
Eii ⊗ 1⊗ 1 ∂ui
It should be mentioned that the r-matrix (3.22) without the last on term also satisfies (3.23).
The reason is that it can be removed by the dynamical twist (see e.g. [40] or [24]).
Note, that the both r-matrices rBD (3.20) and rF (3.22) are particular cases of the general
form (2.18).
3.4 General Quantum R-Matrices for SL(N,C)-Bundles
Let us consider the basis (3.13) in GL(N,C) ≃ GL(p,C)×GL(l,C), where N = lp, l, p ∈ Z:
Eaij = Eij ⊗ Ta , Eij ∈ gl(p,C) , Ta ∈ gl(l,C) , (3.24)
where Eij is a standard matrix basis in the fundamental representation of GL(p,C) and Ta is
the basis of GL(l,C) defined in (A.29). From (A.30) it follows that:
EaijE
b
kl = κa,bδkjE
a+b
il (3.25)
Now let us introduce the following R-matrix:
R12(u, z) =
p∑
i,j
∑
a∈Γl
raij(u, z)E
a
ij ⊗ E−aji +
p∑
µ6=ν
ρ0µνE
0
µµ ⊗ E0νν4 , (3.26)
where
raij(u, z) ≡ raij(z) = ϕ−a(−uij − δij~, z) , ρ0ij = φ(−luij , l~) ,
4We will also use notation δa,0ρ
a
ij = ρ
0
ij in order to keep uniformity in formulae.
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uij = ui − uj , ωa = a1 + τa2
l
.
In particular, if p = 1, (l = N) then (3.26) coincides with (3.16 ). For p = N (l = 1) we
come to (3.18). In this way the elliptic R-matrix (3.26) unifies the dynamical and non-dynamical
cases.
Consider dependence of R(u, z) on z and u. The shifts of z yield (see (A.37))
R(u, z + 1) = Qp×pR(u, z)Q−1p×p , R(u, z + τ) = el(u+ ~)Λp×pR(u, z)Λ
−1
p×pel(−u− ~) ,
where Qp×p and Λp×p act on the second factor of the basis (3.24), and the adjoint transformation
by el(u + ~) acts on the first factor as Eij → el(ui − uj + δij~)Eij . This conditions define the
characteristic class of bundle.
Consider quasi-periodicities of R(u, z), (u ∈ h˜0) with respect shifts of the weight lattice Pl
or the root lattice Ql in h˜0 (see (3.6), (3.7). Let γ = (m1, . . . ,mp) ∈ Pl, or Ql and Υp(γ, z) =
e(γz) = diag(e(m1z), . . . , e(mpz)) It follows from (3.26) and (A.38) that
R(u+ γ, z) = R(u, z) , R(u+ τγ, z) = (Υ−1p (γ, z) ⊗ Idl)R(u, z)(Υp(γ, z)⊗ Idl) .
It means that R(u, z) is a section of trivial bundle over the moduli spaces (3.6), (3.7).
Now we prove the main result of the paper:
Theorem 3.1 The R-Matrix (3.26) satisfies the Quantum Dynamical Yang-Baxter equation
(3.15).
Proof :
By analogy with the notation ”check” ˇ from (3.19) we use ”acute” ´ for the indication of
possible shift of the argument of R´23 (in the r.h.s. of (3.15)) and ”tilde”˜ for R˜12 (in the r.h.s.
of (3.15)). Let us write down equation (3.15) explicitly:
l.h.s. =
∑
ra−cij (z − w)rˇcmn(z)r−b−ckl (w) Ea−cij Ecmn ⊗ Ec−aji Eˇ0ssE−b−ckl ⊗ E−cmnEb+ckl +
ra−cij (z − w)rˇcmn(z)ρ0αβ(w) Ea−cij Ecmn ⊗ Ec−aji Eˇ0ssE0αα ⊗ E−cmnE0ββ+
ra−cij (z − w)ρˇ0γξ(z)r−b−ckl (w) Ea−cij E0γγ ⊗ Ec−aji Eˇ0ssE−b−ckl ⊗ E0ξξEb+ckl +
ρ0µν(z − w)rˇcmn(z)r−b−ckl (w) E0µµEcmn ⊗ E0ννEˇ0ssE−b−ckl ⊗ E−cmnEb+ckl +
ra−cij (z − w)ρˇ0γξ(z)ρ0αβ(w) Ea−cij E0γγ ⊗ Ec−aji Eˇ0ssE0αα ⊗ E0ξξE0ββ+
ρ0µν(z − w)rˇcmn(z)ρ0αβ(w) E0µµEcmn ⊗ E0ννEˇ0ssE0αα ⊗ E−cmnE0ββ+
ρ0µν(z −w)ρˇ0γξ(z)r−b−ckl (w) E0µµE0γγ ⊗ E0ννEˇ0ssE−b−ckl ⊗ E0ξξEb+ckl +
ρ0µν(z − w)ρˇ0γξ(z)ρ0αβ(w) E0µµE0γγ ⊗ E0ννEˇ0ssE0αα ⊗ E0ξξE0ββ =
(3.27)
r.h.s. =
∑
r˜a−cij (z − w)rcmn(z)r´−b−ckl (w) E´0qqEcmnEa−cij ⊗ E−b−ckl Ec−aji ⊗ Eb+clk E−cnmE˜0tt+
r˜a−cij (z − w)rcmn(z)ρ´0αβ(w) E´0qqEcmnEa−cij ⊗ E0ααEc−aji ⊗ E0ββE−cnmE˜0tt+
r˜a−cij (z − w)ρ0γξ(z)r´−b−ckl (w) E´0qqE0γγEa−cij ⊗ E−b−ckl Ec−aji ⊗ Eb+clk E0ξξE˜0tt+
ρ˜0µν(z − w)rcmn(z)r´−b−ckl (w) E´0qqEcmnE0µµ ⊗ E−b−ckl E0νν ⊗ Eb+clk E−cnmE˜0tt+
r˜a−cij (z − w)ρ0γξ(z)ρ´0αβ(w) E´0qqE0γγEa−cij ⊗ E0ααEc−aji ⊗ E0ββE0ξξE˜0tt+
ρ˜0µν(z − w)rcmn(z)ρ´0αβ(w) E´0qqEcmnE0µµ ⊗ E0ααE0νν ⊗ E0ββE−cnmE˜0tt+
ρ˜0µν(z − w)ρ0γξ(z)r´−b−ckl (w) E´0qqE0γγE0µµ ⊗ E−b−ckl E0νν ⊗ Eb+clk E0ξξE˜0tt+
ρ˜0µν(z − w)ρ0γξ(z)ρ´0αβ(w) E´0qqE0γγE0µµ ⊗ E0ααE0νν ⊗ E0ββE0ξξE˜0tt,
(3.28)
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where the sums are taken over all indices5. Using (3.25) and (A.31) we get
l.h.s. =
∑
κ0,0κa,bκ2a+2b,c δˇis r
a−c
ij (z − w)rˇcjn(z)r−b−cij (w) Eain ⊗ E−a−bjj ⊗ Ebni+
δb,−c κ0,0κa,bκ2a+2b,c δˇis ra−cij (z −w)rˇcjn(z)ρ−b−cij (w) Eain ⊗ E−a−bji ⊗ Ebnj+
δ0,c κ0,0κa,bκ2a+2b,c δˇis r
a−c
ij (z − w)ρˇcjl(z)r−b−cjl (w) Eaij ⊗E−a−bjl ⊗ Ebli+
δa,c κ0,0κa,bκ2a+2b,c δˇks ρ
a−c
mk (z − w)rˇcmn(z)r−b−ckm (w) Eamn ⊗ E−a−bkm ⊗ Ebnk+
δ0,cδb,−c κ0,0κa,bκ2a+2b,c δˇis ra−cij (z − w)ρˇcjξ(z)ρ−b−ciξ (w) Eaij ⊗ E−a−bji ⊗ Ebξξ+
δa,cδb,−c κ0,0κa,bκ2a+2b,c δˇαs ρa−cmα (z − w)rˇcmn(z)ρ−b−cαm (w) Eamn ⊗ E−a−bαα ⊗ Ebnm+
δ0,cδa,c κ0,0κa,bκ2a+2b,c δˇks ρ
a−c
γk (z −w)ρˇcγl(z)r−b−ckl (w) Eaγγ ⊗ E−a−bkl ⊗ Eblk+
δ0,cδb,−cδa,c κ0,0κa,bκ2a+2b,c δˇαs ρa−cµα (z − w)ρˇcµβ(z)ρ−b−cαβ (w) Eaµµ ⊗ E−a−bαα ⊗ Ebββ =
(3.29)
r.h.s. =
∑
κ0,0κb,aκc,2a+2b δ´qmδ˜tm r˜
a−c
kj (z − w)rcmk(z)r´−b−ckj (w) Eamj ⊗E−a−bkk ⊗ Ebjm+
δb,−c κ0,0κb,aκc,2a+2b δ´qmδ˜tm r˜a−cij (z − w)rcmi(z)ρ´−b−cji (w) Eamj ⊗ E−a−bji ⊗ Ebim+
δ0,c κ0,0κb,aκc,2a+2b δ´qiδ˜tk r˜
a−c
ij (z − w)ρcik(z)r´−b−ckj (w) Eaij ⊗ E−a−bki ⊗ Ebjk+
δa,c κ0,0κb,aκc,2a+2b δ´qmδ˜tm ρ˜
a−c
nl (z −w)rcmn(z)r´−b−cnl (w) Eamn ⊗ E−a−bnl ⊗ Eblm+
δ0,cδb,−c κ0,0κb,aκc,2a+2b δ´qiδ˜tβ r˜a−cij (z − w)ρciβ(z)ρ´−b−cjβ (w) Eaij ⊗ E−a−bji ⊗ Ebββ+
δb,−cδa,c κ0,0κb,aκc,2a+2b δ´qmδ˜tm ρ˜a−cnα (z − w)rcmn(z)ρ´−b−cαn (w) Eamn ⊗ E−a−bαα ⊗ Ebnm+
δ0,cδa,c κ0,0κb,aκc,2a+2b δ´qγ δ˜tk ρ˜
a−c
γl (z − w)ρcγk(z)r´−b−ckl (w) Eaγγ ⊗E−a−bkl ⊗Eblk+
δ0,cδb,−cδa,c κ0,0κb,aκc,2a+2b δ´qγ δ˜tβ ρ˜a−cγα (z − w)ρcγβ(z)ρ´−b−cαβ (w) Eaγγ ⊗ E−a−bαα ⊗ Ebββ
(3.30)
The notation δ˜tm here (for example, in the first line of (3.30)) means that the corresponding r˜kj
has the shift of the argument ukj by −~ if k = m and by +~ when j = m.
Making change of summation variable c→ −c− b in the l.h.s. (3.29) we get the same factor
κ0,0κa,bκ2a+2b,c → κ0,0κb,aκc,2a+2b for both sides due to (A.31):
l.h.s. =
∑
κ0,0κb,aκc,2a+2b δˇis r
a+b+c
ij (z − w)rˇ−b−cjn (z)rcij(w) Eain ⊗ E−a−bjj ⊗ Ebni+
δ0,c κ0,0κb,aκc,2a+2b δˇis r
a+b+c
ij (z − w)rˇ−b−cjn (z)ρcij(w) Eain ⊗ E−a−bji ⊗ Ebnj+
δb,−c κ0,0κb,aκc,2a+2b δˇis ra+b+cij (z − w)ρˇ−b−cjl (z)rcjl(w) Eaij ⊗ E−a−bjl ⊗ Ebli+
δa+b,−c κ0,0κb,aκc,2a+2b δˇks ρa+b+cmk (z − w)rˇ−b−cmn (z)rckm(w) Eamn ⊗ E−a−bkm ⊗ Ebnk+
δ0,cδb,−c κ0,0κb,aκc,2a+2b δˇis ra+b+cij (z − w)ρˇ−b−cjξ (z)ρciξ(w) Eaij ⊗ E−a−bji ⊗ Ebξξ+
δa+b,−cδ0,c κ0,0κb,aκc,2a+2b δˇαs ρa+b+cmα (z − w)rˇ−b−cmn (z)ρcαm(w) Eamn ⊗ E−a−bαα ⊗ Ebnm+
δb,−cδa+b,−c κ0,0κb,aκc,2a+2b δˇks ρa+b+cγk (z − w)ρˇ−b−cγl (z)rckl(w) Eaγγ ⊗ E−a−bkl ⊗ Eblk+
δ0,cδb,−cδa+b,−cκ0,0κb,aκc,2a+2b δˇαsρa+b+cµα (z − w)ρˇ−b−cµβ (z)ρcαβ(w) Eaµµ ⊗ E−a−bαα ⊗Ebββ
(3.31)
5Here and elsewhere we shall omit the indices and limits of summation when it can be done without ambiguity
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r.h.s. =
∑
κ0,0κb,aκc,2a+2b δ´qmδ˜tm r˜
a−c
kj (z − w)rcmk(z)r´−b−ckj (w) Eamj ⊗E−a−bkk ⊗ Ebjm+
δb,−c κ0,0κb,aκc,2a+2b δ´qmδ˜tm r˜a−cij (z − w)rcmi(z)ρ´−b−cji (w) Eamj ⊗ E−a−bji ⊗ Ebim+
δ0,c κ0,0κb,aκc,2a+2b δ´qiδ˜tk r˜
a−c
ij (z − w)ρcik(z)r´−b−ckj (w) Eaij ⊗ E−a−bki ⊗ Ebjk+
δa,c κ0,0κb,aκc,2a+2b δ´qmδ˜tm ρ˜
a−c
nl (z −w)rcmn(z)r´−b−cnl (w) Eamn ⊗ E−a−bnl ⊗ Eblm+
δ0,cδb,−c κ0,0κb,aκc,2a+2b δ´qiδ˜tβ r˜a−cij (z − w)ρciβ(z)ρ´−b−cjβ (w) Eaij ⊗ E−a−bji ⊗ Ebββ+
δb,−cδa,c κ0,0κb,aκc,2a+2b δ´qmδ˜tm ρ˜a−cnα (z − w)rcmn(z)ρ´−b−cαn (w) Eamn ⊗ E−a−bαα ⊗ Ebnm+
δ0,cδa,c κ0,0κb,aκc,2a+2b δ´qγ δ˜tk ρ˜
a−c
γl (z − w)ρcγk(z)r´−b−ckl (w) Eaγγ ⊗E−a−bkl ⊗Eblk+
δ0,cδb,−cδa,c κ0,0κb,aκc,2a+2b δ´qγ δ˜tβ ρ˜a−cγα (z − w)ρcγβ(z)ρ´−b−cαβ (w) Eaγγ ⊗ E−a−bαα ⊗ Ebββ
(3.32)
A careful check shows that the equality (3.31-3.32) holds. The general idea of the verification is
the following: if a 6= −b the proof is similar to the one given for the non-dynamical case (3.16)
and if a = −b the equality is achieved by ”ρ”-term in the R-matrix via summation of (A.42)
over c.
Let us demonstrate the verification for some concrete cases:
Eaij ⊗ E−a−bkk ⊗ Ebji :6
l.h.s. =
∑
c∈Γl
κ0,0κb,aκc,2a+2b (
δˇisr
a+b+c
ik (z − w)rˇ−b−ckj (z)rcik(w) + δˇksδa+b,−cδ0,c ρa+b+cik (z − w)rˇ−b−cij (z)ρcki(w)
)
=
r.h.s. =
∑
c∈Γl
κ0,0κb,aκc,2a+2b (
δ˜tiδ´qir˜
a−c
kj (z − w)rcik(z)r´−b−ckj (w) + δ˜tiδ´qiδa,cδb,−c ρ˜a−cjk (z − w)rcij(z)ρ´−b−ckj (w)
)
(3.33)
Index s in the l.h.s. of (3.33) is responsible for the possible shift of argument in rˇ. In this
case we can see that it does not match the corresponding arguments. The same holds for indices
t and q. Thus there are no any shifts in this case. Now combining the first terms from both
sides we get: ∑
c∈Γl
κ0,0κb,aκc,2a+2b (
ϕa+b+c(z −w, uik + ωa + ωb + ωc)ϕ−b−c(z, ukj − ωb − ωc)ϕc(w, uik + ωc) −
ϕa−c(z − w, ukj + ωa − ωc)ϕc(z, uik + ωc)ϕ−b−c(w, ukj − ωb − ωc)) = δa,−bκ30,0l2 (
φ(l~,−lujk)ϕa(z, uij + ωa)φ(l~,−lukj)− φ(l~,−luik)ϕa(z, uij + ωa)φ(l~,−luki))
(3.34)
Let us examine the l.h.s. of (3.34). Due to (A.42) it simplifies to:
1. For a 6= −b mod Z(2)N :
l.h.s.(3.34) = ϕa(z, ωa + uij)ϕ−a−b(w,−ωa − ωb)
∑
c∈Γl
κ0,0κb,aκc,2a+2b (
E1(uik + ωa + ωb + ωc)−E1(ukj + ωa − ωc) + E1(ukj − ωb − ωc)− E1(uik + ωc)) = 0
exactly as in (3.17).
6Here and elsewhere we imply unequal lower indices while the upper may be dependent, e.g. a = −b or a = 0
or b = 0. Note also that the summution will be taken only over c.
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2. For a = −b mod Z(2)N :
δa,−bκ30,0ϕa(z, uij + ωa)
∑
c∈Γl
(E2(uik + ωc)− E2(ukj + ωa − ωc)) (A.40)=
δa,−bκ30,0ϕa(z, uij + ωa)l
2(E2(luik)− E2(lukj)) (A.21)= r.h.s.(3.34)
(3.35)
Eaij ⊗ E−a−bii ⊗ Ebji :
l.h.s. =
∑
c∈Γl
κ0,0κb,aκc,2a+2bδˇisr
a+b+c
ii (z − w)rˇ−b−cij (z)rcii(w) =
r.h.s. =
∑
c∈Γl
κ0,0κb,aκc,2a+2b (
δ˜tiδ´qir˜
a−c
ij (z − w)rcii(z)r´−b−cij (w) + δb,−cδa,c δ´qiδ˜ti ρ˜a−cji (z − w)rcij(z)ρ´−b−cij (w)
) (3.36)
Notice that the shift of u takes place in all arguments. Further check is similar to the previous
case. Indeed: ∑
c∈Γl
κ0,0κb,aκc,2a+2b (
ϕa+b+c(z − w,ωa + ωb + ωc + ~)ϕ−b−c(z, uij − ωb − ωc − ~)ϕc(w,ωc + ~) −
ϕa−c(z − w, uij + ωa − ωc − ~)ϕc(z, ωc + ~)ϕ−b−c(w, uij − ωb − ωc − ~)) =
δa,−bκ30,0l
2φ(l~,−luji − l~)ϕa(z, uij + ωa)φ(l~,−luij + l~)
(3.37)
Eaij ⊗ E−a−bki ⊗ Ebjk :
δc,0ϕa+b+c(z − w, uik + ωa + ωb + ωc)ϕ−b−c(z, ukj − ωb − ωc)φ(l~,−luik)+
δc,−a−bφ(l~,−luik)ϕ−b−c(z, uij − ωb − ωc)ϕc(w, uki + ωc) =
δc,0ϕa−c(z −w, uij + ωa − ωc)φ(l~,−luik)ϕ−b−c(w, ukj − ωb − ωc)
(3.38)
or
ϕa+b(z − w, uik + ωa + ωb)ϕ−b(z, ukj − ωb)+
ϕa(z, uij + ωa)ϕ−a−b(w, uki − ωa − ωb) (A.41)=
ϕa(z − w, uij + ωa)ϕ−b(w, ukj − ωb)

(3.39)
3.5 Trigonometric and Rational Limits
We can calculate the trigonometric limit ℑmτ → +∞ of the elliptic R-matrix (3.26) using (A.11)
and (A.35)
Rtrig(u, z) =
p∑
i,j
∑
a∈Γl
raij(u, z)E
a
ij ⊗E−aji +
p∑
µ6=ν
ρ0µνE
0
µµ ⊗ E0νν7 ,
raij(u, z) =
{
cot πz + cot π(uij +
a1
N + δij~) a2 = 0 ,
e((a2N + 1)z) sin
−1 πz a2 6= 0 .
ρ0ij =
sinπ(l~− luij)
sinπ(l~) sin π(luji)
, uij = ui − uj .
7We will also use notation δa,0ρ
a
ij = ρ
0
ij in order to keep uniformity in formulae.
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Going to the rational limit we find
raij(u, z) =
{
1
πz +
1
π(uij+
a1
N
+δij~)
a2 = 0 ,
1
πz a2 6= 0 .
ρ0ij =
1
πl~
+
1
πluji
.
For elliptic Baxter R-matrix there exists another trigonometric and rational limits [94, 93,
95, 96]. This construction can be generalized to SL(N,C) elliptic matrix This approach can be
applied in our case as well. We will not develop this issue here.
4 Dynamical R-Matrices and Integrable systems
4.1 IRF models
Following [1] we construct the Boltzmann weights of the interaction-round-the-face models start-
ing with the quantum R-matrices described above. Let µ ∈ h∗ be a weight of (µ ∈ h∗) of the
vector representation of sl(N,C) in V . In other words we have N weights
PV = {µj = 1
N
(−1, . . . ,−1, N − 1,−1, . . . ,−1) , (j = 1, . . . , N)} , (4.1)
where N − 1 stays on the j place. Let V [µj ] be the corresponding component of the space V ,
and E[µj ] : V → V [µj] is a projection. In our case all V [µj ] are one-dimensional.
Define the local states a, b, c, d ∈ h∗ of the IRF model b − a = µ4, c − b = µ3, d − c = µ2,
d− a = µ1, where all weights from PV (4.1), satisfy the equality µ1 + µ2 = µ3 + µ4.
Define the map W (a, b, c, d) : Vµ1 ⊗ Vµ2 → Vµ4 ⊗ Vµ3 by means of the R-matrix
W (a, b, c, d, z,u) = E[c− b]⊗ E[b− a]R(u+ ~a+ ~c, z)|V [d−a]⊗V [c−d] . (4.2)
In fact W (a+ u˜, b+ u˜, c+ u˜, d+ u˜,u, z − 2~u˜) is independent on u˜. In this way we can define
the Boltzmann weights of the IRF model as W (a, b, c, d, z) = W (a, b, c, d, 0, z). The partition
function of the IRF model takes the form
Z =
∑
lattice
W (aij, ai,j+1, ai−1,j+1, ai−1,j−1) ,
a b
cd
µ4
µ3
µ2
µ1
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If R satisfies quantum dynamical Yang-Baxter (QDYB) equation (3.15), then W obeys
Star-Triangle relations [2]∑
g
W 12(b, c, d, g, z12)W
13(a, b, g, f, z13)W
23(f, g, d, c, z23) =
∑
g
W 23(a, b, c, g, z23)W
13(g, c, d, e, z13)W
12(a, g, e, f, z12) .
on V [f − a]⊗ V [e− f ]⊗ V [d− e] providing the integrability of the model.
4.2 Elliptic Quantum Groups
Let R be a solution of QDYB. Define the quantum Lax operator L(vˆ,u, Sˆ, z) as a map of h˜0×C
to Aut(V ). Here Sˆ are generators of SL(N,C) acting on the module V , and [vˆj , uk] = ~δjk. The
Lax operator satisfies the equation
R12(z−w,u+~e3)L1(u−~e2, z)L2(u+~e1, w) = L2(u−~e1, w)L1(u+~e2)R12(u−~e3u, z−w) ,
(4.3)
where L1 = L⊗ Id, L2 = Id⊗ L.
Assume that L(vˆ,u, z, Sˆ) satisfies the quasi-periodicity conditions (2.11) and the weight zero
condition (2.14). The relation (4.3) defines the quadratic algebra with respect to u and Sˆ. This
algebra is the Felder elliptic quantum group [2] for the trivial bundles and R (3.18). In the case
R (3.16) we come to the Sklyanin-Feigin-Odesski algebras [18, 19, 20, 60].
In the classical limit L = L(vˆ,u, Sˆ, z) becomes the classical Lax operator for interacting tops
described in section 3.1. The angular momentum variable S belongs to the coadjoint SL(p,C)
orbit corresponding after quantization to the representation V . MO1 In this way we obtain the
quadratic Poisson algebras
{L1(u, S), L2(u, S)} = [r(u), L1(u, S), L2(u, S)]
defining the Poisson structure on the phase space of interacting tops.
5 Appendix: Elliptic Functions
5.1 Basic Definitions and Properties
Let q = exp(2πiτ), where τ is the modular parameter of the elliptic curve Eτ . The basic element
is the theta function:
ϑ(z|τ) = q 18
∑
n∈Z
(−1)ne(1
2
n(n+ 1)τ + nz) (A.1)
= q
1
8 e−
ipi
4 (eiπz − e−iπz)
∞∏
n=1
(1− qn)(1 − qne2iπz)(1− qne−2iπz) . (e(x) = exp 2πıx)
The Eisenstein functions
E1(z|τ) = ∂z log ϑ(z|τ), E1(z|τ) ∼ 1
z
− 2η1z, (A.2)
7
MO1: Here V is a representation of SL(N,C), but not SL(p,C) ? Or we deal here with restriction of
irreducible SL(N,C)-module V to reducible SL(p,C) modules.
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where
η1(τ) =
3
π2
∞∑
m=−∞
∞′∑
n=−∞
1
(mτ + n)2
=
24
2πi
η′(τ)
η(τ)
(A.3)
and η(τ) = q
1
24
∏
n>0(1− qn) is the Dedekind function.
E2(z|τ) = −∂zE1(z|τ) = ∂2z log ϑ(z|τ), E2(z|τ) ∼
1
z2
+ 2η1 . (A.4)
The higher Eisenstein functions
Ej(z) =
(−1)j
(j − 1)!∂
(j−2)E2(z) , (j > 2) . (A.5)
Relation to the Weierstrass functions
ζ(z, τ) = E1(z, τ) + 2η1(τ)z , (A.6)
℘(z, τ) = E2(z, τ) − 2η1(τ) . (A.7)
The next important function is
φ(u, z) =
ϑ(u+ z)ϑ′(0)
ϑ(u)ϑ(z)
. (A.8)
φ(u, z) = φ(z, u) , φ(−u,−z) = −φ(u, z) . (A.9)
It has a pole at z = 0 and
φ(u, z) =
1
z
+ E1(u) +
z
2
(E21(u)− ℘(u)) + . . . . (A.10)
Trigonometric limit for φ(u, z) follows from (A.1)
lim
ℑmτ→+∞
φ(u, z) =
sinπ(z + u)
sinπz sinπu
. (A.11)
Let f(u, z) = ∂uφ(u, z). Then
f(u, z) = φ(u, z)(E1(u+ z)− E1(u)) . (A.12)
Heat equation
∂τφ(u,w) − 1
2πi
∂u∂wφ(u,w) = 0 . (A.13)
Quasi-periodicity
ϑ(z + 1) = −ϑ(z) , ϑ(z + τ) = −q− 12 e−2πizϑ(z) , (A.14)
E1(z + 1) = E1(z) , E1(z + τ) = E1(z)− 2πi , (A.15)
E2(z + 1) = E2(z) , E2(z + τ) = E2(z) , (A.16)
φ(u, z + 1) = φ(u, z) , φ(u, z + τ) = e−2πıuφ(u, z) . (A.17)
f(u, z + 1) = f(u, z) , f(u, z + τ) = e−2πıuf(u, z)− 2πıφ(u, z) . (A.18)
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The Fay three-section formula:
φ(u1, z1)φ(u2, z2)− φ(u1 + u2, z1)φ(u2, z2 − z1)− φ(u1 + u2, z2)φ(u1, z1 − z2) = 0 . (A.19)
Particular cases of this formula is the Calogero functional equation
φ(u, z)∂vφ(v, z) − φ(v, z)∂uφ(u, z) = (E2(u)− E2(v))φ(u + v, z) , (A.20)
φ(u, z)φ(−u, z) = E2(z)− E2(u). (A.21)
Another important relation is
φ(v, z −w)φ(u1 − v, z)φ(u2 + v,w) − φ(u1 − u2 − v, z −w)φ(u2 + v, z)φ(u1 − v,w) = (A.22)
φ(u1, z)φ(u2, w)f(u1, u2, v) ,
where
f(u1, u2, v) = E1(v)− E1(u1 − u2 − v) + E1(u1 − v)− E1(u2 + v) . (A.23)
Taking limit u2 → 0 in (A.22) we obtain:
φ(v, z − w)φ(u1 − v, z)φ(v,w) − φ(u1 − v, z − w)φ(v, z)φ(u1 − v,w) = (A.24)
φ(u1, z)(E2(v)− E2(u1 − v)),
which is equivalent to (A.20) due to (A.12).
Theta functions with characteristics:
For a, b ∈ Q by definition:
θ
[
a
b
]
(z, τ) =
∑
j∈Z
e
(
(j + a)2
τ
2
+ (j + a)(z + b)
)
.
In particular, the function ϑ (A.1) is a theta function with characteristics:
ϑ(x, τ) = θ
[
1/2
1/2
]
(x, τ) . (A.25)
Properties:
θ
[
a
b
]
(z + 1, τ) = e(a)θ
[
a
b
]
(z, τ) ,
θ
[
a
b
]
(z + a′τ, τ) = e
(
−a′2 τ
2
− a′(z + b)
)
θ
[
a+ a′
b
]
(z, τ) ,
θ
[
a+ j
b
]
(z, τ) = θ
[
a
b
]
(z, τ), j ∈ Z .
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5.2 Lie Group GL(N,C) and Elliptic Functions
Introduce the notation (see [92])
eN (z) = exp(
2πi
N
z)
and two matrices
Q = diag(eN (1), . . . , eN (m), . . . , 1) (A.26)
Λ =


0 1 0 · · · 0
0 0 1 · · · 0
...
...
. . .
. . .
...
0 0 0 · · · 1
1 0 0 · · · 0

 . (A.27)
We have QΛ = exp−(2πiN )ΛQ. Let
ΓN = Z
(2)
N = (Z/NZ⊕ Z/NZ) , Γ˜N = Z˜(2)N = Z(2)N \ (0, 0) (A.28)
be the two-dimensional lattice of order N2 and N2 − 1 correspondingly. The matrices Qa1Λa2 ,
a = (a1, a2) ∈ Z(2)N generate a basis in the group GL(N,C), while Qα1Λα2 , α = (α1, α2) ∈ Z˜(2)N
generate a basis in the Lie algebra gl(N,C). Consider the projective representation of Z
(2)
N in
GL(N,C)
a→ Ta = N
2πi
eN (
a1a2
2
)Qa1Λa2 , (A.29)
TaTb = κa,bTa+b , κa,b =
N
2πi
eN (−a× b
2
), (a× b = a1b2 − a2b1) (A.30)
Let us mention some simple properties of κ:
κa,bκb,a =
(
N
2πi
)2
, κa,cκb,c =
N
2πi
κa+b,c, κa,a =
N
2πi
. (A.31)
Note that κa,b can be interpreted as a non-trivial two-cocycle in H
2(Z
(2)
N ,Z2N ). It follows
from (A.30) that
[Tα, Tβ ] = C(α, β)Tα+β , (A.32)
where C(α, β) = Nπ sin
π
N (α× β) are the structure constants of gl(N,C).
Deformed Elliptic Functions
ϕa(η, z) = eN (a2z)φ(ωa + η, z) , ωa =
a1 + a2τ
N
, a ∈ Z(2)N , η ∈ Στ , (A.33)
and
ϕmβ (u, z) = e (〈κ, β〉z)φ(〈u + κτ, β〉 +
m
l
, z) , (A.34)
Trigonometric limit for ϕa(η, z) (see (A.11)
lim
ℑmτ→+∞
ϕa(η, z) =
{
cot πz + cot π(η + a1N ) a2 = 0 ,
e((a2N + 1)z) sin
−1 πz a2 6= 0 . (A.35)
It follows from (A.17) that ϕa(z, η) is well defined on Z
(2)
N :
ϕa+c(η, z) = ϕa(η, z) , for c1,2 ∈ Z modN (A.36)
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ϕa(η, z + 1) = eN (a2)ϕa(η, z) , ϕa(η, z + τ) = eN (−a1 −Nη)ϕa(η, z) . (A.37)
ϕa(η + 1, z) = ϕa(η, z) , ϕa(η + τ, z) = e(−z)ϕa(η, z) . (A.38)
For ϕmβ (u, z) (A.34) we have
ϕmβ (u, z + 1) = e (〈κ, β〉ϕmβ (u, z) , ϕmβ (u, z + τ) = e(−〈u, β〉 −
m
l
)ϕmβ (u, z) . (A.39)
The following formulae can be proved directly by checking the structure of poles and quasi-
periodic properties: ∑
a∈Z(2)
N
E2(z + ωa) = N
2E2(Nz) (A.40)
By analogy with (A.19) and (A.22-A.24) we have:
ϕa+b(z − w, u+ ωa + ωb)ϕ−b(z, v − ωb) + ϕa(z, u + v + ωa)ϕ−a−b(w,−u− ωa − ωb)
= ϕa(z − w, u+ v + ωa)ϕ−b(w, v − ωb) (A.41)
ϕa+b+c(z − w, u+ ωa + ωb + ωc)ϕ−b−c(z, v − ωb − ωc)ϕc(w, u+ ωc)−
ϕa−c(z −w, v + ωa − ωc)ϕc(z, u+ ωc)ϕ−b−c(w, v − ωb − ωc) = (A.42)
=


ϕa(z, ωa + u+ v)ϕ−a−b(w,−ωa − ωb)(E1(u+ ωa + ωb + ωc)− E1(v + ωa − ωc)+
E1(v − ωb − ωc)− E1(u+ ωc)), if a+ b 6= 0 mod Z(2)N ,
ϕa(z, ωa + u+ v)(E2(u+ ωc)− E2(v + ωa − ωc)), if a+ b = 0 mod Z(2)N .
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